We present a duality procedure that relates conventional four-dimensional mattercoupled N = 1 supergravities to dual formulations in which auxiliary fields are replaced by field-strengths of gauge three-forms. The duality promotes specific coupling constants appearing in the superpotential to vacuum expectation values of the fieldstrengths. We then apply this general duality to type IIA string compactifications on Calabi-Yau orientifolds with RR fluxes. This gives a new supersymmetric formulation of the corresponding effective four-dimensional theories which includes gauge three-forms.
Contents

Introduction
The physical role of gauge three-forms in four-dimensional field theories has been under study for several decades. For instance, constant four-form fluxes of these fields may effect the value of the cosmological constant directly or via couplings of the three-forms to membranes (see e.g. [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] ). A possible role of three-forms in the solution of the strong CP problem was discussed e.g. in [16] [17] [18] [19] [20] [21] and in inflationary models in [22] [23] [24] [25] [26] [27] .
In the context of four-dimensional global and local supersymmetric theories, three-form gauge fields can be naturally incorporated as auxiliary fields of supermultiplets, as e.g. in [8, [12] [13] [14] [15] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] . Furthermore, effective field theories with gauge three-forms can find a natural application in the context of string compactifications [25, [42] [43] [44] . In particular, the effective four-dimensional theories describing flux compactifications of type IIA and IIB string theories should allow for a supersymmetric formulation including gauge three-forms, whose field-strengths are dual to the fluxes threading the internal compactified space. In [25] it was suggested that three-forms coming from the dimensional reduction of type II supergravities could be associated with auxiliary fields of chiral and gravity multiplets. However, this idea does not seem to be realizable within any of the fourdimensional supersymmetric models constructed so far.
This problem motivated us to revisit the role of gauge three-forms in four-dimensional rigid and local supersymmetry, focusing on the minimal N = 1 case and looking for supergravity-matter models in which the results of [25] could fit. More specifically, we will address the following general question, suggested by the somewhat universal structure of the four-dimensional effective theories describing string flux compactifications. Consider a supersymmetric theory with a set of chiral superfields Φ A and a superpotential of the form
where e A and m A are real constants,Ŵ (Φ) and G AB (Φ) are arbitrary holomorphic functions which, even if not explicitly indicated, can possibly depend on additional chiral superfields. The question is then: does there exist an alternative supersymmetric formulation of the effective theory with a set of pairs of gauge three-forms (A A 3 ,Ã 3A ) in which the coupling constants e A and m B are promoted to vacuum expectation values of the field-strengths F A 4 = dA A 3 andF 4A = dÃ 3A ? Note that this procedure is a certain kind of duality transformation that trades coupling constants for gauge three-forms, which do not carry propagating degrees of freedom in four dimensions.
In this paper we will provide a positive answer to this question. The new formulation will be obtained by a supersymmetric duality transformation, which modifies the structure of the chiral multiplets Φ A , substituting their scalar complex auxiliary fields F A or just the real parts thereof with a combination of the field-strengths F A 4 andF 4A . Furthermore, this procedure naturally generalizes to the locally supersymmetric case when one of the scalar superfields Φ A (e.g. Φ 0 ) is considered to be the compensator of the super-Weyl-invariant formulation of supergravity. After gauge-fixing the superWeyl symmetry, the duality transformation involves also the auxiliary field of the old minimal supergravity multiplet.
Before arriving at the detailed discussion of the general dualization procedure outlined above, we will first consider the simpler subcases in which G AB is constant. In these subcases, our dualization explicitly relates the three known types of chiral multiplets: the conventional one with the complex scalar as the auxiliary field, the single three-form multiplet in which the complex auxiliary field is a sum of a real scalar and the Hodge dual of the field-strength of a real gauge three-form, and the double three-form multiplet in which the auxiliary field is the field-strength of a complex gauge threeform. In particular, the single three-form multiplets arise when the matrix ImG AB is degenerate, as for instance in the extreme case Im G AB ≡ 0.
In the case of constant G AB the relation between the conventional chiral and the dual three-form multiplet is linear. This is no longer true for a general G AB (Φ) in which case the duality relation is non-linear and might not allow for a general explicit superfield solution. However it turns out to be tractable if we assume that G AB (Φ) is identified with the second derivative of a homogeneous "prepotential" G(Φ) of degree two. In fact, this is what happens in string flux compactifications.
In the course of the study of the dual formulations with three-form multiplets we will encounter a subtlety regarding the presence of boundary terms in the Lagrangian. The necessity to take into account appropriate boundary terms in the theories with gauge three-forms, either supersymmetric or not, is well known (see e.g. [4, 6, 7, 38] ). As we will show, our dualization procedure automatically produces the correct boundary terms, which then do not need to be introduced by hand.
As a concrete non-trivial example, we will perform the duality transformation of the supersymmetric effective theory associated with type IIA orientifold string compactifications on Calabi-Yau spaces with Ramond-Ramond (RR) fluxes. This effective theory has a superpotential of the form (1.1) with G AB (Φ) = ∂ A ∂ B G(Φ) and G(Φ) being homogeneous of degree-two. In this superpotential the constants e A and m B are identified with the quanta of the internal RR fluxes threading the compactification space and Φ A with a combination of the Kähler moduli and the super-Weyl compensator superfields. As we will see, the field-strengths F A 4 andF 4A produced by the duality procedure perfectly match the field-strengths obtained by direct dimensional reduction of the IIA RR field-strengths in [25] . For simplicity, we will work under the assumption that the internal NSNS flux vanishes, which allows us to ignore the tadpole cancellation condition. For more general type IIA, as well as type IIB flux compactifications, the tadpole condition must be appropriately taken into account. Furthermore, the dual formulation with gauge three-forms should allow for a natural incorporation of the open-string sector into the effective theory, as in [42] [43] [44] . We leave these interesting developments for the future.
The paper is organized as follows. In Section 2 we introduce the duality procedure in rigid supersymmetric theories. We first discuss simpler cases with constant G AB , reviewing the structure of the corresponding known types of chiral three-form multiplets. We then generalize the dualization procedure to a general G AB (Φ), which leads to a non-linear duality relation.
In Section 3 we extend the duality procedure to supergravity. We first apply it to pure old-minimal N = 1 supergravity in its super-Weyl invariant formulation, producing the three-form formulations thereof. In particular, this shows how the different formulations are related to each other by duality transformations of the corresponding super-Weyl compensators. Then we consider models with chiral multiplets coupled to supergravity and apply to them the non-linear duality transformation put forward in the rigid case. The duality acts simultaneously on matter superfields and the superWeyl compensator. In the resulting dual formulation the auxiliary fields of the chiral and gravity multiplets are expressed in terms of the gauge three-forms and the scalar fields.
In Section 4 we apply the duality transformation to the effective four-dimensional theory associated with orientifold type IIA string compactifications with RR fluxes. We also provide the explicit relation between field-strengths of the four-dimensional theory and the ten-dimensional RR fields.
In Appendix A we give the component content of the different four-dimensional N = 1 superfields which are used in the main text. In Appendix B we show how the dualization procedure works for a simple bosonic field theory and then consider an instructive example which explains how the bosonic boundary terms can be obtained as components of a superspace defined Lagrangian. Appendix C contains useful expressions for the applications to type IIA flux compactifications.
We mainly use notation and conventions of [45] .
2 Three-form multiplets in supersymmetry
In this section we explain how the dualization procedure works in the case of rigid N = 1 supersymmetric theories. In the simplest case of constant G AB in (1.1), it will produce known variants of off-shell chiral multiplets, whose auxiliary fields are replaced by the field-strength of one or two gauge three-forms. We will refer to these chiral multiplets as single and double three-form multiplets, respectively. As we will see, in the case of generic G AB (Φ), the dualization will provide a generalization of these off-shell three-form multiplets.
Single three-form multiplets
Consider a rigid supersymmetric theory for a set of chiral superfields
with a superpotential of the form (1.1) in the simplest case in which Im G AB = 0. In such a case, since G AB is holomorphic, ReG AB is necessarily constant and then the Lagrangian takes the form
where r A ≡ e A + m B ReG AB are real constants.
To dualize the Lagrangian (2.2), we promote the constants r A to chiral superfields X A and introduce real scalar superfields U A as Lagrange multipliers. The Lagrangian (2.1) gets substituted by
Integrating out U A by imposing its equations of motion one gets
The chirality of X A (DαX A = 0 = D αXA ) then implies that X A = r A , with r A being real constants. Plugging this solution back into (2.3) we get the initial Lagrangian (2.2).
To find the formulation of the theory in terms of three-form multiplets we vary (2.3) with respect to X A subject to the boundary conditions
The superfields Y A differ from ordinary chiral superfields only in their θ 2 -components
where D A are real auxiliary scalar fields and
Hence the real-part of the ordinary scalar auxiliary fields is substituted by the fieldstrengths F A 4 of the gauge three-form A A 3 , which are part of the U A multiplets (see Appendix A). The three-form fields appear only inside their field strengths because of the invariance of (2.7) under the gauge transformations
where
This superspace gauge symmetry incorporates the bosonic gauge symmetry 11) and mods out the redundant components of U A which do not survive the chiral projection i 4D
2 .
We will refer to the chiral superfields Y A as single three-form multiplets. This kind of scalar multiplet was introduced in [31] and studied in detail in [38] . For instance, [38] studied the relation of these multiplets with other multiplets, in particular, with conventional chiral multiplets. The above simple duality argument explicitly shows how the conventional chiral multiplets and three-form multiplets are related in a manifestly supersymmetric way.
To complete the dualization procedure, we should also take into account the equations of motion of Φ A obtained from (2.3) with δΦ A subject to the boundary condition δΦ A | bd = 0. These give the expression for X A in terms of Y A 
where The Lagrangian (2.13) has been studied at length in reference [38] , to which we refer for further details. In [38] the boundary term has been identified by requiring a consistent variational principle (for previous discussions in non-supersymmetric settings see e.g. [4, 6] ). On the other hand, the boundary term is automatically produced by our duality procedure, once we fix the form of the Lagrangian (2.3). The only apparent ambiguity, related to the choice of the form i d 4 θ(X A −X A )U A of the Lagrange multiplier term in (2.3), is completely fixed by the following criterion: (2.4) must be produced without having to impose specific boundary conditions for the gauge superfield U A . Combined with the boundary condition δΦ A | bd = 0, this implies that in the dual theory (2.13) we need only impose the gauge invariant boundary condition
As a simple consistency check of the equivalence between the Lagrangians (2.13) and (2.2) we calculate the variation of (2.13) with respect to U A , which results in an equation of motion of the form
Combining this equation with the (anti)chirality of its components, it follows that 17) where r A can be identified with the real constants appeared in (2.2). Finally, let us present the explicit form of the bosonic sector of the dual Lagrangian: 19) where
Notice that the boundary term automatically guarantees a consistent variational principle.
Double three-form multiplets
Let us now consider the dualization of a Lagrangian with a slightly more general superpotential (1.1) in which G AB is a generic constant matrix and its imaginary part is invertible, det(Im G AB ) = 0. Hence we can introduce the arbitrary complex constants 20) and rewrite the Lagrangian in the form
As in Section 2.1, we can promote the constants to chiral superfields X A by adding appropriate Lagrange multiplier terms to the Lagrangian. The modified Lagrangian is By integrating out Ψ A α from (2.22) we get the condition D α X A = 0 which, combined with the chirality of X A , implies that
where c A are arbitrary constants. Inserting (2.25) into (2.22) one gets back the Lagrangian (2.21). On the other hand, we can integrate out X A by imposing their equations of motion and get
where S A are chiral superfields with the following θ-expansion
Here * G A 4 are Hodge duals 2 of the field-strengths
of complex 3-form gauge fields C A 3 . The Hodge duals of C A 3 are complex vector components of the complex linear superfields Σ A (see Appendix A).
We call the chiral superfields S A double three-form multiplets. These kinds of multiplets were introduced in [32] and considered in more detail in [36] but, in contrast to the single three-form multiplets Y A of Section 2.1, they have attracted much less attention in the literature. The bosonic gauge transformation
2 is a complex two-form) are part of the gauge superfield transformation
where L A 1 and L A 2 are real linear superfields. It is easy to see that (2.29) leaves S A invariant. The counterparts of the gauge transformations (2.29) acting on the 'prepotential' Ψ α are
whereDβΛ A α = 0 and Λ A βα = Λ A αβ . Note that the Lagrange multiplier term in (2.22) is singled out by a criterion analogous to the one introduced at the end of Section 2.1. Namely, it leads to (2.25) without the need for any specific boundary condition on the gauge superfield Ψ A α and it directly gives back the original Lagrangian, without involving possible boundary terms. As a consequence, the dual Lagrangian describing the dynamics of the superfields S A is also completely fixed, including the appropriate boundary term. Indeed, by plugging (2.26) back into (2.22), we get the dual Lagrangian
where the boundary term is given by the following total derivative contribution to the Lagrangian
In (2.32) X A should be replaced by its expression obtained from (2.22) as the equation of motion of Φ A , namely
An example of the component field form of the boundary term which one gets from (2.32) is given in Appendix B. 3 Let us now turn to the case of constant G AB with non-invertible imaginary part Im G AB . If A, B = 1, . . . , n, then the matrix ImG AB has a rank r < n. This implies that there are n − r > 0 vectors u A a , a = 1, . . . , n − r, such that Im G AB u B a = 0. We can complete them with r vectors v A q , q = 1, . . . , r, which together with u A a form a basis of R n . We can use this basis to re-organize the chiral superfields as follows
The free LagrangianL free = d 4 θSS was briefly discussed in [32] . The component form of (2.31) with
C but without the boundary term was considered in [36] .
and, analogously, m
are, respectively, arbitrary real and complex constants and
We can then proceed by dualizing Φ a to single three-form multiplets Y a as in Section 2.1 and Φ q to double three-form multiplets S q as in the present Section. 4 
Double three-form multiplets and non-linear dualization
We are now ready to consider the more general case of non-constant holomorphic matrix G AB (Φ), still in the case of rigid supersymmetry. Even though not explicitly indicated, the following discussion allows for the inclusion of additional chiral multiplets in the theory, which can enter G AB (Φ) andŴ (Φ) in (1.1), but which are not subject to the dualization procedure. For instance, extra chiral multiplets T p will explicitly appear in Section 4, in which we will apply our construction to type IIA flux compactifications.
For convenience we define the matrices
We will assume that, for generic values of the chiral fields Φ A , the matrix M AB is invertible. We will briefly come back to the degenerate case det(M AB ) = 0 at the end of the section. Furthermore, for simplicity, we assume that G AB (Φ) is symmetric, although most of the discussion holds for non-symmetric G AB (Φ). This symmetry is automatic if we regard G AB (Φ) as the second derivative of a holomorphic prepotential G(Φ), as we will assume in the local supersymmetry case. Our starting point is the Lagrangian
The strategy followed in the previous Sections is then generalized by replacing (2.39) with the following Lagrangian The extremization of (2.40) with respect to Ψ α A gives
Notice that the variation of (2.40) with respect to Ψ A does not involve any boundary terms and the Lagrange multiplier term in (2.40) satisfies the criterion discussed in the previous Sections. The general solution of (2.41) is 
The chiral superfields S A provide a generalization of the double three-form multiplets encountered in Section 2.2. Note that, once we impose (2.43), M AB depends on S A . Then, in general, the expression (2.44) is non-linear and cannot be explicitly solved for S A as a function of Σ A . However, this does not necessarily create complications in specific applications, as for instance to type IIA flux compactifications discussed in Section 4. The above formulation in terms of Σ A , that contains gauge three-forms, is invariant under the following gauge transformations which generalize (2.29) 
This equation is compatible with the chirality of X A and G AB only if Re(X A − G AB m B ) = e A are constant. We thus arrive at (2.42).
where the boundary term is now given by the total derivative contribution 47) in which X A is expressed via Σ A on account of the equation of motion of Φ A , as in Section 2.2. We will give the explicit expression of the boundary term in the supergravity case in the next Section. The Lagrangian (2.31) provides us with the dual formulation of the considered theory in terms of the double three-form multiplet (2.44), with the 'reduced' superpotentialŴ (S) and the appropriate boundary term. The information about the form of the matrix G AB (Φ) appearing in the superpotential of the original theory is encoded in the form of the matrix M AB which enters the definition (2.44) of the double three-form multiplet. On the other hand, as in the previous Sections, the constant parameters e A and m A got dualized into the expectation values of the field-strengths of the gauge three-forms.
Before passing to the locally supersymmetric case, let us briefly discuss the situation in which Im G AB , with A, B = 1, . . . , n, is degenerate of rank r < n. Then there should exist n − r > 0 real vectors u A a , a = 1, . . . , n − r, such that Im G AB (Φ)u B a = 0 and hence
Taking into account the holomorphicity of G AB (Φ), this condition is quite strong and puts strong constraints on the form of G AB (Φ). Suppose, for instance, that the vectors u A a are constant, as at the end of Subection 2.2. This would imply that G AB (Φ)u A a is constant too. We could then proceed as in Section 2.2, rewriting the superpotential as follows
, r a is as in (2.36) andŴ ′ is as in (2.37). One can then dualize Φ a to single three-form multiplets Y a and Φ p to double three-form multiplets S p . We expect similar combinations of different dualizations to be possible in more general cases.
3 Three-form multiplets in N = 1 supergravity
We now extend to matter-coupled N = 1 supergravity the duality procedure described in Section 2 for rigid supersymmetry. The extension is rather natural if we use a superWeyl invariant approach [46] . Before proceeding let us recall that the old-minimal formulation of supergravity [28] describes the interactions of the gravitational multiplet
The physical fields are the vielbein e m a and the gravitino ψ α m , whereas the auxiliary fields are the real vector b a and the complex scalar M .
We will construct three-form matter-coupled supergravity by dualizing a superWeyl invariant formulation. The curved superspace supervielbeins transform as follows under the super-Weyl transformations [46] 
where (a, α) are flat superspace indices, M = (m, µ) are curved indices and Υ is an arbitrary chiral superfield parameterizing the super-Weyl transformation. We will focus on a theory for n+1 chiral multiplets Z A , A = 0, . . . , n, that transform as follows under super-Weyl transformations
3)
The chiral superfields Z A comprise, in a democratic way, a super-Weyl compensator and n physical multiplets. The ordinary old-minimal formulation of supergravity is obtained by choosing a super-Weyl compensator Z, e.g. Z ≡ Z 0 , and subject it to a gauge-fixing condition using the super-Weyl invariance. On the other hand, we will perform the duality transformation of the conventional chiral multiplets Z A to three-form multiplets before gauge-fixing the super-Weyl invariance. In this way, the procedure will work exactly as in the rigid supersymmetry case, but will involve the super-Weyl compensator in addition to the physical chiral superfields. Gauge-fixing the super-Weyl symmetry afterwards will produce a Lagrangian describing the coupling of three-form multiplets to a supergravity multiplet with one or two gauge fields substituting the scalar auxiliary fields.
In the next Section we will focus on pure supergravity and its three-form variants. The inclusion of additional physical chiral multiplets and a general superpotential of the form (1.1) will be considered in Section 3.2. The following discussion can include additional 'spectator' matter or gauge multiplets, which will not be explicitly indicated for notational simplicity.
Variant minimal supergravities from duality
We start by considering the minimal theory, in which the old-minimal supergravity multiplet is coupled just to the super-Weyl compensator Z, which transforms as in (3.3). Then, up to a complex constant rescaling of Z, the most general super-Weyl invariant Lagrangian has the form 4) in which E denotes the Berezinian super-determinant of the super-vielbein, d 2 Θ 2E is a chiral superspace measure [45] and c is an arbitrary complex number which gives rise to the gravitational cosmological constant and the gravitino mass. Under (3.2), the superspace measures re-scale as
Hence the super-Weyl invariance of the supergravity Lagrangian is manifest. We can now follow Section 2, distinguishing two cases.
Single three-form supergravity
We first proceed along the lines of Section 2.1, setting c ≡ ir, with real r, and promoting r to a chiral multiplet X by adding an appropriate Lagrange multiplier. 6 Consider the modified Lagrangian
6) where U is a scalar real superfield and R is the chiral superfield curvature whose leading component is the auxiliary field M = − 1 6 R| of the gravity multiplet. Notice that (3.6) is super-Weyl invariant if we impose that
Integrating U out of (3.6) by imposing its equation of motion implies that X must be an arbitrary real constant r and then one goes back to (3.4). Instead, integrating out X gives Z ≡ Y , (3.8) where the chiral superfield
is the natural generalization of the rigid single three-form multiplets discussed in Section 2.1. In particular, the bosonic three-form A 3 is contained in the component
of U . The bosonic gauge transformation A 3 → A 3 + dΛ 2 is contained in the superfield gauge transformation U → U + L, where L is an arbitrary linear multiplet. This gauge invariance allows one to write the superfield U in an appropriate WZ gauge U | = 0, which we have already used in (3.10).
By integrating out Z one gets the equation 11) and by plugging (3.8) and (3.11) back into (3.6) one obtains the dual Lagrangian
Note that L bd is indeed a total derivative. Y transforms as Z under super-Weyl transformations (Y → e −6Υ Y ) and plays the role of the super-Weyl compensator.
It is known that different off-shell formulations of four-dimensional N = 1 supergravity can be obtained from its superconformal version by choosing different compensator fields [47] [48] [49] . Here the use of Y as a compensator in the super-Weyl invariant formulation leads, as was shown in [35] , to the three-form minimal supergravity [8, 13-15, 32, 33] , in which the imaginary part of the old-minimal auxiliary field M is substituted by the Hodge dual of a real field-strength F 4 = dA 3 .
In order to see this, we can use the super-Weyl symmetry to set
By recalling the definition of Y given in (3.9), its expansion (2.8) and skipping the dependence on the fermions, the lowest component of this equation gives Y | = 1 while the highest component − 1 4 D 2 Y | = 0 gives Im M + * dA 3 = 0, so that the conventional scalar auxiliary field of the supergravity multiplet has the form M = ReM − i * F 4 , as proposed in [32] and discussed in detail in [8] . Hence, the component fields of the supergravity multiplet of this formulation are
where M 0 ≡ ReM is a real scalar.
Double three-form supergravity
In order to arrive at the minimal double three-form supergravity [28] we must promote the entire arbitrary constant c to a dynamical chiral field X and proceed as in the previous examples. This can be done by starting from the Lagrangian
where Σ =DΨ is a complex linear superfield, the locally supersymmetric generalization of the complex linear superfield introduced in Section 2.2. The components of Σ in the appropriate WZ gauge are Σ| = 0 , 
As in the previous examples, by integrating out Ψ α one gets back (3.4). On the other hand, by integrating out X and Z one finds
.
(3.19)
After inserting these expressions into the Lagrangian one arrives at the dual description 20) where S is a double three-form multiplet which plays the role of the super-Weyl compensator. Note that X and S in (3.20) are given by (3.19) , and that the second term in (3.20) is the boundary term. One can then gauge-fix the super-Weyl invariance by putting S = 1 and find that
Hence the supergravity multiplet in this formulation becomes
where C 3 is a complex three-form. Therefore we refer to this formulation as double three-form supergravity. The bosonic sector of this minimal supergravity theory follows from the Lagrangian (3.20) and has the following form If we integrate out C 3 by inserting (3.24) into the Lagrangian (3.23) we find the standard supergravity theory with a negative cosmological constant. Notice that (3.23) has a well defined variation with respect to C 3 thanks to the presence of the boundary term. As in the previous Sections, this is guaranteed by our duality procedure once one appropriately chooses the form of the Lagrange multiplier term in (3.16).
Three-form matter-coupled supergravities
In the previous Section we obtained known minimal three-form supergravities with the use of the locally supersymmetric counterpart of the duality procedure described in Section 2. We now pass to the considerably more general case outlined at the beginning of this section. We consider a super-Weyl invariant supergravity theory coupled to n+1 chiral superfields Z A which transform as in (3.3). We stress once again that, even if not explicitly indicated for notational simplicity, additional spectator chiral and vector multiplets may be included without difficulties (as in the example discussed in Section 4). The general form of the super-Weyl invariant Lagrangian is 25) where the kinetic potential Ω(Z,Z) and the superpotential W(Z) have the following homogeneity properties
Before discussing the duality procedure, let us briefly recall how this formulation is related to the more standard supergravity formulation. First, one singles out a superWeyl compensator Z as follows
where Z A 0 (Φ) is a set of functions of the physical chiral multiplets Φ i (i = 1, . . . , n), which are inert under the super-Weyl transformations. Clearly, the split (3.27) has a large arbitrariness and one may redefine
The kinetic potential Ω(Z,Z) can be written as follows
where K(Φ,Φ) ≡ −3 log Ω(Z 0 (Φ),Z 0 (Φ)) is the ordinary Kähler potential. Note that the possibility of making the redefinition (3.28) corresponds to the invariance under Kähler transformations K(Φ,Φ) → K(Φ,Φ) − f (Φ) −f (Φ). The conventional superpotential W (Φ) is singled out by using the split (3.27) and defining In order to perform the duality procedure, let us come back to the super-Weyl invariant Lagrangian (3.25) and consider the superpotential of the form
The homogeneity condition (3.26) requires that G AB (λZ) = G AB (Z) andŴ(λZ) = λŴ(Z). Though the construction under consideration can be applied to generic G AB , we will restrict ourselves to the case in which
with G(Z) being a (possibly locally defined) homogeneous prepotential of degree two G(λZ) = λ 2 G(Z) defining a local special Kähler space parametrized by homogeneous coordinates Z A , A = 0, 1, . . . , n. 7 As we will see, string flux compactifications have superpotentials of this kind with (e A , m B ) representing appropriately quantized units of fluxes. We would like to make the 2n + 2 constants (e A , m A ) in (3.32) dynamical, i.e. to replace them with the field-strengths of 2n + 2 three-forms. This is achieved by dualizing the chiral fields Z A , easily adapting the procedure introduced in Section 2.3 for the rigid supersymmetric case. As in that Section, we assume that M AB defined as in (2.38) is invertible. (The case of degenerate M AB can be addressed as outlined in Section 2, combining dualizations to single-and double-three form multiplets.) First, we substitute the chiral superspace integral of the superpotential term (3.32) with
where, as in the rigid supersymmetry case, M AB is inverse of M AB = Im G AB , X A are chiral superfields and Σ A are complex linear superfields Σ A ≡DαΨα A . Upon integrating 7 The minimal supergravities considered in Section 3.1 correspond to the simplest subcases with n = 0, Z 0 = Z and c ≡ e 0 + G 00 m 0 , where G 00 is necessarily constant by homogeneity. In particular, the single three-form minimal supergravity of Section 3.1.1 is obtained by setting G 00 = 0 and redefining Z → iZ. out Ψ α A one gets back (3.25) . On the other hand, by integrating out X A and Z A one finds 35) where the chiral superfields S A are double three-form multiplets, defined by the generalization of (2.44), 36) and
The Lagrangian then readŝ 38) in which the boundary term is given by the X-dependent part of (3.34) once one replaces Z A with S A and X A with (3.37). Note that, as in the rigid supersymmetry case, the dual Lagrangian does not have the part of the superpotential that depended on e A and m A . We thus end up with a theory in which the only independent superfields are the complex linear multiplets Σ A . The double three-form multiplets S A are defined by (3.36) , in which M AB should be considered as a function of S A andS A . Hence (3.36) is non-linear and so is not generically solvable for S A as functions of Σ A . However, it turns out to be tractable for superfield components. For simplicity, we will restrict ourselves to the bosonic ones setting the fermionic components equal to zero. Using the local symmetry (2.45) we can impose the Wess-Zumino gauge in which, in particular, Σ A | = 0. Then the remaining bosonic components of Σ A are 
In general it is not possible to explicitly invert the above expression and express z A in terms of the scalar fields s A of the complex linear superfieldΣ A . Hence, in what follows it will be more convenient to use z A as independent scalar fields in the component Lagrangians which we will shortly present. The θ 2 -component of (3.36) is then
whereF 4A = dÃ 3A , F A 4 = dA A 3 and G ABC ≡ ∂ A G BC . Now, taking into account that z A G ABC = 0 by homogeneity, we reduce equation (3.41) to
To fix the super-Weyl invariance it turns out to be convenient to choose one of the superfields S A (A = (0, i)), say S 0 , as the super-Weyl compensator and impose
The superspace condition (3.43) implies the component field conditions z 0 = 1 and F 0 S = 0. The bosonic relations (3.42) split as follows 
. , n).
After having gauge-fixed the super-Weyl symmetry, the Lagrangian describing the coupling of the S i superfields to supergravity takes the form
Note that in this Lagrangian the scalar auxiliary fields of the gravity and matter multiplets are defined by (3.44) (ignoring fermions).
Application to type IIA flux compactifications
As an application of the above dualization procedure, we will now consider an example of type IIA flux compactifications of string theory on a Calabi-Yau three-fold CY 3 in the presence of O6-planes. In particular, we will focus on the effective theory obtained by turning on RR fluxes in the internal CY 3 space. For simplicity, we will also set the internal NSNS flux H 3 to zero, so that the tadpole condition just requires that the O6 charge is cancelled by the presence of D6-planes, without involving the RR-fluxes. We will focus on the closed string scalar spectrum. The relevant terms in the effective N = 1 supergravity for these kinds of compactifications can be found in [50] . The closed string moduli v i (x) and b i (x), i = 1, . . . , h 1,1 − (CY 3 ), are obtained by expanding the Kähler form J and the NSNS two-form B 2 in a basis of orientifold-odd integral harmonic 2-forms ω i ∈ H 2 − (X; Z)
These moduli, together with their supersymmetric partners, combine into n ≡ h 1,1 − (CY 3 ) chiral superfields Φ i with lowest components
Furthermore, the complex structure, the dilaton, the internal RR three-form moduli and the associated supersymmetric partners combine into additional chiral superfields T q , q = 1, . . . , h 2,1 (CY 3 ) + 1. The effective supergravity theory is characterised by the following Kähler potential 8
In the following we will not need the explicit form ofK(T,T ), but we will just use the fact that it satisfies the conditionKr
, . . . , andKr q is the inverse of the Kähler metricK qr .
, . . . , and K i is the inverse of the Kähler metric K i . The Kähler potential K(Φ,Φ) is given by 5) where k ijk are the intersection numbers
Notice that K(Φ,Φ) depends only on the real combinations Φ i +Φ i , so that we can make the identification K i ≡ Kī. We will also use the fact that K(Φ,Φ) satisfies the no-scale condition
The flux-induced superpotential is of the form introduced in [51] [52] [53] and depends only on the chiral superfields Φ i 9
where e 0 , e i , m i and m 0 represent the flux quanta of the internal RR fields. 8 The formulas of [50] are valid in the large volume and constant warping approximation, which then neglects the back-reaction of the fluxes and branes on the underlying Calabi-Yau geometry. The backreaction of fluxes and branes is expected to break the split structure of (4.3) . 9 In what follows we will tend to use notation close to that of [25, 44] .
Dualization to the three-form effective theory
The effective theory described above has exactly the same structure as the theories considered in Section 3.2, up to the explicit presence of a spectator sector given by the chiral fields T r . In order to make this similarity manifest, we rewrite this theory in a super-Weyl invariant form by adding a super-Weyl compensator Z and combining it with the chiral fields Φ i into n + 1 chiral superfields
and 
This clearly satisfies the homogeneity condition (3.26) and can be written in the form (3.32) withŴ(Z) = 0 and
We are now in a position to apply the duality transformation described in Section 3.2. After dualization and gauge-fixing the super-Weyl symmetry by setting
the final result is a Lagrangian of the form (3.45) withŴ = 0 and a Kähler potential which is modified by a contribution of the 'spectators' T r
Moreover, the superpotential has completely disappeared from the dual effective theory, since it is now encoded in the structure of the constrained superfields (3.36).
Notice that because of the definition (4.10), after dualization and gauge-fixing we have Φ i = −i S i and we can identify the lowest components as follows
In the following it will be also convenient to use
Upon setting to zero the fermions, the independent bosonic components of these superfields are given by (3.40) and (3.44) . The latter take the following form in the case under consideration 10
where the four-forms F A 4 andF 4A are defined in terms of the field-strengths
andF 4A = dÃ 3A as follows
,
Note that the four-forms F A 4 andF 4A have exactly the same structure as the four-forms obtained in [25, 44] upon dimensional reduction of the type IIA RR field-strengths 11 , which is quite encouraging. To convince ourselves that this is not a mere coincidence, in the following Section we will compute the on-shell values of (4.18) by solving the equations of motion of A A 3 andÃ 3A which follow from the dual Lagrangian (4.14). As we will see, these on-shell values perfectly match those obtained by ten-to-four dimensional reduction [25, 44] .
The bosonic part of the dual Lagrangian (4.14) can be computed by setting to zero fermionic component fields, integrating over the Grassmann variables and integrating out the supergravity auxiliary vector field. Finally, one can go to the Einstein frame by performing a Weyl re-scaling of the vielbeins, the dual four-form field strengths and the component fields in (4.17) as follows 
The result is the following bosonic Lagrangian 20) in which t q ≡ T q | and L 3-form contains the three-form sector encoded in M and F i as in (4.17) and the auxiliary fields F q T of the T q multiplets
where we recall that K ≡ K +K. With the help of the no-scale condition (4.4), we can easily integrate out the auxiliary fields F q T by solving their equations of motion, whose solution isK
Substituting it back into the Lagrangian (4.21) and using (4.17) we obtain the following Lagrangian for the gauge three-forms
with the boundary term
where we recall that
This boundary term is directly extracted by writing the superspace Lagrangian (3.34) in components.
The Lagrangian (4.20)-(4.24) provides a non-trivial example of the effect of the non-linear dualization procedure put forward in this paper. We explicitly see that it does not depend on the constants e A and m A appearing in the original Lagrangian and does not contain any potential for the scalar fields. Rather, as we will discuss in the next Section, it is generated dynamically by the gauge three-forms A A 3 andÃ 3A .
Back to the original theory
Let us show how the bosonic Lagrangian of the original theory is reproduced from the bosonic Lagrangian (4.20) . This is done by integrating out the gauge three-forms A A 3 andÃ 3A which enter F A 4 andF 4A as defined in (4.18) . Indeed, the integration of the equations of motion which follow from (4.23) produces the following expressions involving 2n + 2 integration constants which, for obvious reasons, we call e A and m A −4e
These are exactly (modulo some conventions) the on-shell values of the four-forms obtained in [25, 44] by dimensionally reducing the ten-dimensional Hodge duality relations between the type IIA RR field-strengths. Substituting (4.25) back into the bosonic Lagrangian (4.23) and (4.24), one obtains the scalar potential of the original theory which coincides with the well-known form of the type IIA RR flux potential [50, 57] 
Note that upon this substitution the term (4.24) is no more a total derivative. Without the contribution of this term, the effective scalar potential would have a wrong (negative) sign. This is why we have kept track of the boundary terms in our construction all the time. Note also that, if we substitute the on-shell values (4.25) of the four-forms F A 4 and F 4A into the boundary Lagrangian (4.24), while still keeping the potentials A mA and A m A off-shell, upon some algebra we get
This boundary term is the same as the linear term of the effective Lagrangian obtained in [25] by the dimensional reduction of the democratic type IIA pseudo-action of [54] . It is a total derivative because of the use of the ten-dimensional Hodge duality relations between the lower-and higher-form RR field strengths, which, as we have already mentioned, are equivalent to the on-shell expressions (4.25) for the four-forms (see [25] for details). To perform the off-shell dimensional reduction one could use the fully-fledged duality-symmetric action of type IIA supergravity constructed in [58] . In this way, in principle, one should get the four-dimensional Lagrangian (4.23) with the boundary term (4.24), which produces the constants e A and m A after one integrates out the 3-forms.
Conclusion
In this paper we have shown how to construct globally and locally supersymmetric models with gauge three-forms, by dualising more conventional theories with standard chiral multiplets and a superpotential of the form (1.1). In the dualization process, the coupling constants e A , m B are promoted to (appropriate combinations of) expectation values of the field-strengths F A 4 = dA A 3 ,F A4 = dÃ A3 associated with the three-form gauge fields A A 3 ,Ã A3 . The dual theory is manifestly supersymmetric and is constructed in terms of three-form multiplets which contain a complex scalar and one or two gauge three-forms as bosonic components, the latter replacing scalar auxiliary fields of the conventional chiral multiplets.
As an application, we applied our duality procedure to the four-dimensional effective theory describing the closed string sector of type IIA orientifold compactifications on Calabi-Yau three-folds with RR fluxes. In particular, we discussed the explicit form of the bosonic action for the scalar and three-form fields. By solving the equations of motion for the three-form fields we found the same on-shell values of their field-strengths as those obtained by direct dimensional reduction [25] and the correct potential for the scalar fields [50] .
Even though our approach is quite general, the application to more general string compactifications requires further work. First of all, in the type IIA models considered in Section 4 the tadpole condition does not directly concern the internal fluxes that are involved in the dualization. In more general IIA compactifications, for instance with a non-trivial H 3 -flux, the tadpole condition would become relevant for the dualization procedure. The same is true for type IIB orientifold compactifications, which have flux induced superpotential [51] [52] [53] 59 , 60] compatible with our general framework too. Also in these cases a non-trivial tadpole condition should be appropriately taken into account.
Another aspect that deserves further study is the inclusion of the open-string sector in the effective theory, which may be naturally incorporated in a three-form formulation [42] [43] [44] . It would be interesting to revisit this point in the manifestly supersymmetric framework provided in the present paper. Related questions concern its applications to M-theory and F-theory compactifications, which can be considered as strong coupling limits of type IIA and IIB compactifications with backreacting branes, see for instance [61, 62] for reviews.
In four dimensions, gauge three-forms couple to membranes that appear as domainwalls generating jumps of the value of the corresponding field-strength, as e.g. in [4] . In the context of string/M-theory compactifications, these membranes correspond to higher-dimensional branes wrapping various cycles in the internal space and are crucial for the mechanisms of dynamical relaxation of the cosmological constant discussed, for instance, in [9, 10] . Our formulation should be the starting point for revisiting these aspects at the level of a four-dimensional effective theory with manifest linearly-realized supersymmetry, generalizing the results of [8, [12] [13] [14] . Furthermore, in this same context and in the presence of spontaneously broken supersymmetry, our formulation should be related, at low energies, to models with non-linearly realized local supersymmetry as the ones introduced in [15] . It would be interesting to elucidate this relation. More generically, it would be worth using this general framework to construct and study supersymmetric extensions of various models based on gauge three-forms, as for instance those discussed in [1, 3-7, 11, 16-19, 22-26] .
where u and D are real scalar fields, ϕ is a complex scalar field, A m is a real vector field and χ and λ are Weyl spinors. The independent bosonic components of U are defined as follows U | = u,
The real linear multiplet L is a real multiplet which, in addition, satisfies the condition
The component expansion of L has the form
where l is a real scalar, Λ mn is a rank 2 antisimmetric tensor and η is a Weyl spinor. The bosonic components of L are defined through the projections
The complex linear multiplet Σ satisfies the condition
Its θ-expansion is
Here σ ands are complex scalars, ρ, ψ and ξ are Weyl spinors and C m is a complex vector which is Hodge dual to the three-form
The bosonic components of Σ are defined by the projections
(A.12)
B Note on three-forms, scalar potentials and boundary terms
In this Appendix we illustrate the dualization procedure with two simple examples: first we will consider a purely bosonic Lagrangian of a single gauge three-form and then we will examine the case of a Lagrangian with a single complex linear multiplet. Let us consider a real three-form with couplings described by the Lagrangian
where K ′′ (ϕ) and W ′ (ϕ) are real functions of the scalar fields ϕ, denoted in this way to be reminiscent of the structure of supersymmetric chiral field models. To further simplify the formulas, let us replace A npq with its Hodge-dual vector field 2) so that (B.1) becomes
Note that the gauge invariance of the three form becomes an invariance of the action under the transformation of the one-form A 1 → A 1 + * dΛ 2 , where A 1 = A m dx m . We wish to integrate out A m to find the contribution to the scalar potential. To perform a consistent variation of the action with respect to the three-form, one should introduce an appropriate boundary term of the form [4, 6] 
Then the equations of motion for the three-form (which are unaffected by the boundary terms) give There is an alternative way to integrate out the three-form without the need to introduce the boundary terms. We can rewrite (B.3) by using a Lagrange multiplier scalar α and an auxiliary field F
By varying α in (B.7) with the boundary condition δα| bd = 0 we get F = ∂ m A m and then back (B.3). Now A m is a Lagrange multiplier and we can consistently integrate it out without the need of additional boundary terms thus getting
where r is a real constant related to the on-shell value of F 4 = dA 3 . Now we have
and once we integrate out the scalar F we find (B.6) which produces a positive definite contribution to the scalar potential (if K ′′ > 0). On the other hand, this dualization procedure provides a systematic way to get the boundary term (B.4) which is necessary to make the variation of the Lagrangian (B.1) consistent. To do this we should reverse the dualization procedure starting from the Lagrangian (B.7). The variation of the Lagrangian (B.7) with respect to the auxiliary field gives
Imposing the boundary conditions 11) and setting the variations to zero we get
Plugging (B.12) back into the Lagrangian (B.7), we get where α = X| and, as usual, the vector field C m is dual of a three form. This is a complexified version of the Lagrangian (B.7). To obtain the dual Lagrangian for the fields C m we vary (B.16) with respect to α and F , and get the equations of motion
(B.17)
Plugging them back into (B.16), we get 18) with the boundary term Lagrangian having the required form 
and k ijk is the triple intersection number of the CY 3 manifold. Defining K i ≡ ∂K ∂ϕ i and K ij ≡ ∂ 2 K ∂ϕ i ∂φ j , we have
and
From (4.12), upon gauge-fixing Z 0 = 1, we get the following components of the imaginary and the real parts of the holomorphic matrix G AB (2.38)
The inverse matrix M AB has the following components
